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Abstract. An orthogonal complex structure on a domain in is a complex 
structure which is integrable and is compatible with the Euclidean metric. This 
gives rise to a first order system of partial differential equations which is conformally 
invariant. We prove two Liouville-type uniqueness theorems for solutions of this 
system, and use these to give an alternative proof of the classification of compact 
locally conformally flat Hermitian surfaces first proved by Pontecorvo. We also give 
a classification of non-degenerate quadrics in CP'' under the action of the conformal 
group S'Oo(l,5). Using this classification, we show that generic quadrics give rise 
to orthogonal complex structures defined on the complement of unknotted solid tori 
which are smoothly embedded in M**. 
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1. Introduction 

Let (M^,(yf) denote a 4-dimensional oriented Riemannian manifold. 

Definition 1.1. An almost complex structure is an endomorphism J : TM — ^ TM 
satisfying = —I. The almost complex structure J is said to be orthogonal if it is 
an orthogonal transformation, that is, 

g{Jv, Jw) = g{v,w) 

for every v,w & TpM, and preserves orientation. An orthogonal almost complex 
structure is said to be an orthogonal complex structure or an OCS if J is integrable. 
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Remark 1.2. There are several equivalent conditions for integrability: 

(a) There exist holomorphic coordinates compatible with J. 

(b) The Nijenhuis tensor N^g^ of J vanishes. 

(c) The space of (1,0) vector fields relative to J is closed under Lie bracket. 
We shall assume the reader is familiar with these conditions, see |Che79] . 

We are interested in {W^,gE), where qe is the Euclidean metric. In this case, an 
OCS is simply a map 

(1.1) J:R'^^{M e SO{A) : = -1} 

which satisfies any of the equivalent conditions (a), (b), or (c). 

The first part of the paper deals with a uniqueness question; the following theorem 
can be viewed as a "Liouville Theorem". Let Ti^^A) denote the /c-Hausdorff measure 
of a subset A C M^. The class of fc-times continuously differentiable functions is 
denoted by C'^. 

Theorem 1.3. Let J be an orthogonal complex structure of class on M^\A, where 
A is a closed set with 1H}{A) = 0. Then either J is constant or J can be maximally 
extended to the complement M.'^ \ {p} of a point. In both cases, J is the image of the 
standard orthogonal complex structure Jq on under a conformal transformation. 

Remark 1.4. The proof of Theorem 11.31 is fairly elementary, and is a generalization of 
|Woo92t Proposition 6.6], which considered the case in which A is a single point. 

Remark 1.5. This theorem is somewhat reminiscent of the well-known Liouville The- 
orem in conformal geometry on M" due to Caffarelli-Gidas-Spruck [CGS89] . which 
generalized earlier work of Obata on 5" |Oba72] . In the former, it was proved that 
a positive constant scalar curvature metric on conformal to the Euclidean metric 
must be the image of the standard metric on S"" under a conformal transformation. 

Theorem 11.31 says that if the Hausdorff dimension of the singular set is less than 
one, then it must correspond to a constant OCS. This is sharp, in the sense that 
there exists OCSes with singular set having dimension one. Our second uniqueness 
theorem is as follows: 

Theorem 1.6. Let J be an orthogonal complex structure of class on Q = \ A, 
where A is a round circle or a straight line, and assume that J is not conformally 
equivalent to a constant orthogonal complex structure. Then J is unique up to sign, 
and Q is a maximal domain of definition for J. 

Remark 1.7. All such J are conformally equivalent (up to sign) by a conformal trans- 
formation identifying the singular circles, and are induced from a "real" quadric in 
CP^. This correspondence will be made explicit in Section [31 These examples arise in 
Pontecorvo's classification of locally conformally flat Hermitian surfaces, and corre- 
spond geometrically to locally conformally flat Hermitian metrics on CP^ X Sg, where 
Sg is a Riemann surface of genus g ^ 2 |Pon92b] . In Section [3l using Theorems 11.31 
and 11.61 we will give a new proof of Pontecorvo's classification. 
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Remark 1.8. We remark that theorems of Bernard Shiffman |Shi68] and Errett Bishop 
[Bis64j are crucial for the proofs of Theorems ll.3l and ll.6l respectively. These theorems 
give conditions for when the closure of an analytic set is an analytic set, and are 
generalizations of the classical theorem of Thullen-Remmert-Stein, see Section 13. 1[ 

Let Qrud denote a "round" metric on the sphere with positive constant curvature. 
Since (S*^ \ {p},grnd) is conformally equivalent to (M.'^,gE), all of our theorems can 
of course be phrased on S^. The twistor space of {S^, gmd) is CP^ - this is the total 
space of a bundle parametrizing orthogonal almost complex strctures on S'^ - and we 
let TT : CP^ ^ 5^ denote the twistor projection with fiber SO(4)/f/(2) = CP^ We 
will see in Section 1?^ that complex hypersurfaces in CP'^ yield OCSes on subdomains 
of 5*^, wherever such a hypersurface is a single-valued graph. Conversely, any OCS 
J on a domain Q yields a holomorphic hypersurface - the graph of J in the twistor 
space. Therefore the problem of finding OCSes on subdomains is directly related to 
the geometry of hypersurfaces of CP'^ under the twistor projection. It is well known 
that, for purely topological reasons, S"^ does not admit any global almost complex 
structure [SteSll page 217]; this is of course why we must restrict our attention to 
proper subdomains of S^. 

In Section [5l we give a classification of quadric hypersurfaces under the action of 
the conformal group, and give a canonical form for any quadric. For reasons that will 
be clear later, we let (.^o, ^12, Wi, W2) denote coordinates in C''. The group 500(1, 5) 
of conformal transformations of S'^ acts on CP^, and is a subgroup of the holomorphic 
automorphism group PGL(4, C) of CP^, see Section [2171 

Theorem 1.9. Any non-singular quadric hypersurface m CP^ is equivalent under the 
action of SOo{l,5) to the zero set of 

where A, /x, G M, or to the zero set of 

(1.2) z{eo + ^12) - k^oW^ + k^^2W2 - ^oW2 + ^12W,, 

where k G [0, 1). 

Remark 1.10. For the complete classification, there are some additional relations 
required on (A,/i, z/) in the diagonalizable case, see Lemma 15.81 below, but A; is a 
complete invariant in the second case. To classify the entire moduli space of quadrics, 
one needs also to consider singular quadrics; this will appear in a forthcoming paper. 

Using this we can completely describe the geometry of non-degenerate quadrics 
under the twistor projection n. The discriminant locus of a quadric ^ is the subset 
of points p G S*^ for which 7c'^^{p) fl ^ has cardinality different from 2, see Section [331 

Theorem 1.11. Let £2 he a non-singular quadric hypersurface in CP^. There are 
three possibilities: 

(0) ^ is a real quadric with discriminant locus a circle in S^, and ^ contains all 
of the twistor lines over the circle. 
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(1) ^ does not contain any twistor lines. In this case, the discriminant locus is a 
torus C with an smooth unknotted embedding. 

(2) ^ contains exactly one or exactly two twistor lines. The discriminant locus is 
a singular torus pinched at one or two points, respectively. 

Remark 1.12. In Case (1), "unknotted" means that the discriminant locus is isotopic 
to a standard torus C C C 5*^. This is equivalent to saying that bounds 
an embedded solid torus x D'^ C S'^. 

As discussed above, the quadrics in Case (0) are all conformally equivalent, and 
yield well-defined OCSes on the complement of a circle or line in R^. In Case (1) we 
have 

Theorem 1.13. Any quadric containing no twistor lines yields two distinct well- 
defined orthogonal complex structures Ji and J2 on \ C , where C = x D"^ is a 
solid torus. 

We mention that the pair of OCSes on an open set of induced by a quadric 
determines a bi-hermitian structure in the sense of |Pon97j . See |GHR84[ IKob99[ 
IAGG99[ IHitj for interesting generalizations of this concept to situations in which 
there is no integrable twistor space. There is also a close relation of the work in this 
paper to the notion of harmonic morphism; related work and examples may be found 
in [Bm92] . |BW03bj . |BW03aj . |GW93j . |Woo92j . 

The methods of this paper involve twistor theory, complex analytic geometry, and 
representation theory. Our study of quadrics began with the realization of a few 
specific examples, but a considerable amount of effort was required to formulate the 
appropriate canonical forms (Theorem II. 9 p and then to establish the behavior arising 
from generic orbits of the conformal group. The proofs of Theorems Il.lll and ll.l3l are 
completed in Sections [6] and [TJ by combining the above techniques with some special 
direct calculations and topological arguments involving branched coverings. 

In a forthcoming paper we will give some related results for the higher-dimensional 
case of M^". 

1.1. Acknowledgements. The authors would like to thank Vestislav Apostolov, 
Paul Gauduchon, Nigel Hitchin, Claude LeBrun and Max Pontecorvo for insightful 
discussions on complex structures. We also thank Denis Auroux and John Morgan 
for very helpful conversations regarding the topology of branched coverings. The 
authors worked together at both the Centro De Giorgi in Pisa and the Institute for 
Mathematical Sciences in London. 

2. Twistor geometry 

In this section, we discuss some elementary 4-dimensional twistor geometry. This 
material is known (see [AHSTSj IAti79[ IPon92bj . [Woo92[ Section 6]); we must include 
it here for notation and to set our conventions, but we omit proofs of the key results. 
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2.1. Tangent vectors and differentials. We consider M.^ and take coordinates 
Xi,yi,X2,y2- Letting zj = Xj + ii/j and Ij = xj — iyj, define complex one- forms 

dzj = dxj + idyj , dzj = dxj — idzj , 

and tangent vectors 

d/dzj = (1/2) {d/dxj - id/dyj) , d/dz^ = (1/2) {d/dxj + id/dyj) . 

The standard complex structure Jo : TM^ — > TM^ on is given by 

Jo{d/dxj) = d/dyj, Jo{d/dyj) = -d/dxj. 

Complexify the tangent space, and let T^^'^\Jq) = span{d/dzi,d/dz2} be the i- 
eigenspace and T^'^'^\Jo) = span{d/dzi, d/dz2] the — i-eigenspace of Jq. The map Jo 
also induces an endomorphism of 1-forms by 

Jo(u;)(fi) = io{Jlvi) = -uj{JoVi), 

which satisfies 

Jo{dxj) = dyj, Jo{dyj) = —dxj. 

Then A^'°(Jo) = spa.n{dzi,dz2} is the — z-eigenspace and A°'^(Jo) = spa.ia{dzi,dz2} is 
the +i-eigenspace of Jq. 

2.2. Quaternionic vectors and matrices. A quaternion q = Zi+jz2 is determined 
by a pair of complex numbers {zi, Z2) € C^. In the early sections of this paper, we 
shall identify = © = H © H by setting 

(Ci, C2, C3, C4) = (Ci + jC2, C3 + jCi). 

Moreover, we shall view EI © EI = as a right H-module, and use jr : EI^ ^ to 
denote right multiplication by j: 

>(ci,C2,C3,C4) = (-C2,Ci, -C4,C3). 

The composition j^. of jV followed by complex conjugation is represented by the matrix 

(2.1) J.= (^ »), 
where 

(2.2) *-=(;"o)- 

(This 2x2 matrix is sometimes denoted by J since it represents a standard almost 
complex structure on R^, though that notation would be confusing in our context.) 
Thus, right multiplication by the quaternion j on a column vector is the mapping 
V I— > Jj.v. For example, the first column of (12. ip is the transpose of jr(l; 0, 0, 0). 

We may now define GL{2, M) as the subgroup of GL{A, C) consisting of those 4x4 
matrices G for which 

(2.3) GSr = Jr-G, 
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and det G 7^ 0. In these terms, GL{2, M) consists of matrices of the form 
(2.4) 

where each 2x2 submatrix has the form 

Cl C2 
-C2 Cl 

It turns out that detG is real and positive, and SL{2,M) is defined to be the 15- 
dimensional subgroup of GL{2,M) defined by the condition detG = 1. It is in fact 
isomorphic to the connected group Spin„{l,5). 

2.3. Twistor space of S'^. The twistor projection vr : CP^ — > HP"^ is given by 

(2.5) 7r{[zi, Z2, zs, z^l) = [zi+ jz2,Z3+ jzi], 

where we use right multplication to define quaternionic projective space, building on 
the notation of Section 12. 2[ Since HP^ is naturally isometric to with the round 
metric, we can regard the twistor projection as a mapping vr : CP^ S^. 

For reasons that shall soon become apparent, we shall now denote a point in CP^ 
as [^0, ^12, W^i, 1^2], and consider a fixed quaternion q = zi + jz2- With this new 
notation, the fiber CP^ = 7r^-'^([l, g]) is given by 

(2.6) Wi + JW2 = qi^o + J^u) = eo^i - 62^2 + j{^oZ2 + ^uZi). 

This clearly exhibits the fiber as a holomorphic curve in CP^. 

In (12. 6p . ^0 and ^12 cannot both vanish, and the fiber is parametrized by [^0,^2] G 
CP^. The fiber over infinity is given by points of the form [0, 0, W^i, 1^2], with 

[Wi,W2] e CF\ 

2.4. The twistor fiber. There are two standard models of the twistor fiber, namely 

Z2 = {maximal oriented isotropic complex planes in C^}, 

J+ = {Je 50(4) : J2 = -/}. 

To define an isomorphism between these models, let ^0,^2 G C, and define 1-forms 

r]i = ^odzi - ii2dz2, ri2 = ^odz2 + ^12(^^1 • 

If ^0 7^ then the span of the rji defines a maximal isotropic subspace in ® C = C^, 
where we think of as the space of complex 1-forms = A^^'^^ © A*^°'^^. 
Define ip : CP^ ^ by ^'([^0,62]) = spanc{?7i, r^s}. 

Proposition 2.1. The map ip is a biholomorphism, where Z2 has the complex struc- 
ture as a Hermitian symmetric space. 

We will henceforth use this isomorphism to identify Z2 with CP^. Next, let J G 
1^2^, then J determines a space of complex (1,0) forms, A^'°(J). In general, an 
endomorphism J is an orthogonal map (with respect to the Euclidean metric) if and 
only if A^'°(J) is an isotropic subspace with respect to the complexified Euclidean 
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inner product. This gives an isomorphism from to Z^. For the inverse map, 
simply write a maximal isotropic subspace as a graph over = M^, this graph is 
the corresponding J. Note there is a natural S'0(4) action on by conjugation, 
and for which the stabilizer of any point is ?7(2), so J2 is naturally isomorphic to 
S0{^)|U{2). 

Proposition 2.2. Under this isomorphism, the matrix J G J^^ , corresponding to the 
point ip{[l, ^ = f+ig]) G Z2 is given by 

( 2g 2/ \ 

_ + 2/ ~2g 

\i? -2g -2/ l-iep 

\ -2/ 2g + I 



Remark 2.3. Note that with our conventions, the standard complex structure Jq on 
corresponds to [1, 0] G CP^, or rather the matrix of (12.11) . 

2.5. Holomorphic coordinates. Next, let 2+(M'^) denote the twistor bundle of M^. 
As a smooth manifold, this is a product Z^{M.'^) = x M^, but it carries a special 
complex structure defined as follows: on the horizontal space (tangent to M^), the 
complex structure is defined tautologically, while the vertical space (tangent to CP^) 
carries a canonical complex structure. 

We next find holomorphic coordinates on 2^+(M^). Motivated from (12.61) . consider 
the functions 

(2.7) = ^ozi - 62^2, W2 = ^oZ2 + 62^1. 
Define the map ^ : Z^ xR"^ ^ CP^ \ CP^ by 

(2.8) ^([^0,62], {z,,Z2)) = [eo, 62,1^1,1^2]. 

Theorem 2.4. The map is a hiholomorphism from Z2 x to CP^ \ CP^, where 
Z2 X has the complex structure Ji as the twistor space o/M^. 

The missing fiber CP;^ is given by points with the first two coordinates equal to 
zero. By adding this missing twistor fiber over the point at infinity, and since >S'^\ {p} 
is conformally equivalent to M^, we obtain 

Corollary 2.5. The map ^ can he extended to a hiholomorphism 

(2.9) ^ : Z^{S^) CPl 

Remark 2.6. It is not hard to verify that under this identification, the twistor projec- 
tion indeed corresponds to the quaternionic projection discussed in the beginning of 
this section. 

2.6. Complex hypersurfaces and orthogonal complex structures. We next 
explain the correspondence between OCSes and holomorphic submanifolds of CP^. 
Background results on this aspect of twistor theory can be found in [ES85[ IBes87t 
ldBN98j . 
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Theorem 2.7. Let Q G be a domain. If J is an OCS defined on Q, then the 
graph J{Q) C x CP"*^ is a holomorphic submanifold. 

Conversely, let H C tt~^{Q) be a holomorphic submanifold such that H intersects 
each fiber CP^ in exactly one point. Then H is the graph of an OCS. 

Proof. This fact is well known, but we provide a short proof in our setting for com- 
pleteness. In each case, we can write the graph or hypersurface in CP^ X C as 

{(f){Zi,Z2), izi,Z2)}, 

where ^ : Q ^ CF\ Let us assume (j){z) ^ [0, 1] for z in some open subset fii C f2. 
Then taking an affine coordinate on CP\ we let 

0(^1, ^2) = [1, a(2;i, Z2)\ 

where a : f2i — > C. Consider the subset C x fii of the total space. On this subset, 
the twistor complex structure has A^^'°^ spanned by the forms 

{(ia, ijJx = dzi — adz2, uj2 = dz2 + adzi}. 

Clearly, J{Qi) is a holomorphic submanifold if and only if the map J is holomorphic, 
with the complex structure on Qi induced by J itself. This is satisfied if and only if 

da = aidzi + a2dz2 + ajdzi + a2dz2 = Ci{dzi — adz2) + C2{dz2 + adzi). 

This clearly implies the equations 

(2.10) aai + a2 = 0, aa2 — aj = 0. 

We next write the equations for J to be integrable. On the set Qi, define 

Vi = ad/dzi + d/&Z2, V2 = a d/dz2 — d/dzi. 

Note that vi and V2 span T^^'^\J). For J to be integrable, it suffices to show that 
du!^ and dLo"^ have no (0, 2) component relative to J, that is, 

duj'^(vi,V2) = 0, dij'^{vi,V2) = 0. 

A simple calculation results in equations identical to fl2.10p . The proof is finished by 
performing an analogous argument on the set Q2 = {z E Q : (j){z) 7^ [1, 0]}. □ 

A corollary of the above proof is 
Corollary 2.8. J is integrable if and only if 

: ^ CP^ 
is almost-holomorphic with respect to J itself. 
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2.7. Action of the conformal group. We denote by 5*00(1,5) the identity com- 
ponent of the group 0(1,5), which is the group of orientation preserving conformal 
automorphisms of S'^, |Kob95j . There is an induced action of the group 5*00(1,5) 
on Z^{S^) that we first define abstractly. Let : 5*^ — >• 5*^ be a conformal auto- 
morphism. If we identify the fiber over a point p with the set of orthogonal maps 
J : TpS"^ TpS^ with = —J, then the required action is 



(2.11) Jp J<^(p) = {(f)^)pJj 



-1 



* Jp '^p W* )p 



The right hand side is a valid orthogonal map, since satisfies 0* G CO (4). 

We shall now interpret (12.111) in terms of the group 5L(2,]HI) of restricted quater- 
nionic transformations defined in Section [221 A 2 x 2 quaternionic matrix 



M 

acts on H © EI as follows 



a b 
c d 



(2.12) ( ^0 ^ ^fqA_fm + bq2 



(l2 J V ^2 y \cqi + dq2 

If we identify H © EI = C'* and take M G 5*^(2,11), then there is an induced action 
on both CP^ and 5^ = MF\ The latter is given by 

(2.13) [gi, gs] ^ [dqi + bq2, cqi + Jgz], [gi, ^2] e HP\ 

Using stereographic projection, the corresponding conformal map in = EI is given 

by 

g ^^ (c + dq){d + &g)~\ 
since, by convention, we have used right quaternionic multiplication to define EIP^. 

Proposition 2.9. Under the identification ^: ^+(5*^) — > CP'^ from l{2.9\) . the two 

actions of SOo{l,5) and SL{2,M.) coincide. 

This result is well-known and can be found in |Ati79l [Po592b] . 

Remark 2.10. For later use, we record the following. The inversion g — >■ q~^ lifts to 
the automorphism of CP^ defined by 

(2.14) [^0, 62,1^1,1^2] ^ [W,,W2, ^0,^12]. 



3. Degree one solutions and real quadrics 

In this section, we will consider degree one solutions, and prove Theorem 11.31 We 
will also introduce the notion of a real quadric from the algebraic point of view, 
examine its geometry under the twistor projection, and prove Theorem II. 6[ 
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3.1. Removal of Singularities. We quote two crucial theorems which will be used 
later in this section. The first is due to Bernard Shiffman. We refer the reader to 
|EG92l Chapter 2] for background on Hausdorff measures. 

Theorem 3.1. (^[Shi68]j. Let U be open in C"', and let E be closed in U . Let A be a 

pure complex k-dimensional analytic set inU \ E, and let A' be the closure of A in 
U . If E has Hausdorff {2k — l)-measure zero then A' is a pure k-dimensional analytic 
set in U . 

The second theorem we will use is the following theorem of Errett Bishop. 

Theorem 3.2. f [Bis64l Lemma 9]^) Let U be an open subset of C", and B a proper 
analytic subset ofU. Let A be an analytic subset ofU\B of pure complex dimension k 
such that Ar\B has 2k-dimensional Hausdorff measure zero. Then ACiU is analytic. 

The difference from Shiffman's Theorem is that the set B is required to be an 
analytic subset. The idea of the proof is the same, by expressing A as a finite branched 
holomorphic covering, and then using a removable singularity theorem (the proof of 
Shiffman is in fact based on Bishop's proof). 

Both of these theorems are generalizations of the classical theorem of ThuUen- 
Remmert-Stein which requires the stronger assumption that the set B be contained 
in a subvariety of strictly lower dimension |Thu35t IRS53j . 

3.2. Degree one solutions. A degree one hypersurface in CP^ is given by a single 
linear equation 

ci^o + C262 + C3W1 + C4W2 = 0, 

where ^o, ^12, Wi, W2 are our chosen coordinates and ci, C2, C3, C4 are constants. 

Proposition 3.3. A hyperplane in CP^ hits every fiber over in exactly one point, 
except over one point in S^, over which it contains a twistor line. 

Proof. Since the twistor lines are linear, a hyperplane P will intersect a twistor line 
in exactly one point or will contain the line. Since S"^ is not homeomorphic to CP^, 
P must contain at least one twistor line. Furthermore, it must contain exactly one 
twistor line because any two projective lines in P must intersect. □ 

We next prove Theorem 11.31 from the Introduction: 

Proof (of Theorem ] 1 . 3\) . Consider the graph of J in CP'^. It is a complex hyper- 
surface of CP^ \ (A X CP^). Such a hypersurface is analytic by a standard regu- 
larity theorem in several complex variables |Gun90] . From our assumption, we have 
n^AxCF^) = 0. We can then use the above theorem of Shiffman |Shi68] , to conclude 
that the closure of the graph of J, J(fi) is an analytic subvariety of CP^. Note that 
most fiber CP^s transversely intersect J(f2) in one point, this implies J(f2) is a degree 
one subvariety, which must therefore be linear |GH94l page 173], |Mum95l Chapter 
5]. The conformal equivalence now follows from the fact that S0{5) C 5*0(1,5) 
acts transitively on the dual projective space (CP^)* parametrizing hyperplanes in 
CPl □ 
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Note that in M.^, the corresponding solution of the system fl2.10p is 

Ci + C3Z1 + C4Z2 

a{zi,Z2) = —. 

C2 - C3Z2 + CiZi 

The singular point is located where both the numerator and denominator simultane- 
ously vanish, which corresponds to the twistor line contained in the hyperplane. 

Remark 3.4. In the case that A is a finite collection of points, one just needs to use the 
theorem of Thullen-Remmert-Stein. This was in fact well-known to experts, we thank 
Paul Gauduchon and Claude LeBrun for informing us of this fact. As mentioned in 
the Introduction, this was also previously observed in |Woo92j . 

3.3. Real quadrics. For notational purposes, it is convenient to re-order the coor- 
dinates of by means of the change of basis 

(3.1) [^0, 62,1^1,1^2] ^ [6,1^1,62,1^2]. 
Letting P denote the change of basis matrix, we define 

(3.2) JJ = PJ^P. 

This will lead to an alternative description of GL{2,M) that will be developed in 
Sections H] and [51 

A complex symmetric 4x4 matrix Q represents a quadratic form g: ^ C by 
means of the formula 

(3.3) g(v) = v^gv, 

where v denotes a column vector. The associated symmetric bilinear form (SBF) can 
be recovered from the so-called polarization formula 

(3.4) v"rQw = |(g(v + w) -g(v) -g(w)). 

Henceforth we shall use the terms "complex symmetric matrix", "quadratic form" 
and "SBF" interchangeably, via ([33D and (13:^1) . 

In order to analyze such forms in the context of the twistor projection tt : CP^ — >■ 5"*, 
we shall define the quaternionic structure on S"^ by means of the 4x4 matrix J defined 
in fl3.2p . in place of J^. In other words, we identify with in the following way. 
Set 

fl 
\Q 1 

so that 

-/ 
/ 

Multiplication by the quaternion j now corresponds to the mapping v 1— > Jv. 

With this new convention, 0[(2, H) consists of those linear transformations G of 
that commute with this mapping, which in matrix terms means that 

(3.5) GJ = JG, 
compare (12. 3p . Equivalently, we can state 
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Definition 3.5. The space 0[(2,H) consists of matrices G = using the 

notation 

(3-6) = 

for this type of block matrix. 

In particular, J = {O | — /} is itself in g[(2, H). 

Since our complex vector space is endowed with a quaternionic structure, 
whether or not the entries of a 4 x 4 matrix are real numbers is of no great con- 
cern to us. The relevant notion of reality is instead the following 

Definition 3.6. A quadratic form q: ^ C is real if 



(3.7) g(Jv) = g(v) 

whereas q is purely imaginary if 



g(Jv) = -g(v). 

We can convert this definition into equations for the associated symmetric matrix 
Q. Using (13.41) . the first condition becomes 

for all V, w. This is equivalent to 

(3.8) JTQS = Q, 

which is the same as (13.51) (with Q in place of G). Hence, the symmetric matrix Q 
represents a real quadratic form (in the sense of the definition above) if and only if 

(3.9) Q = {A\B} eQl{2,m). 

The fact that Q is symmetric implies that ((5J)^+ = 0, and so 

(3.10) Q = QI = {B\-A} esp{2), 

where we identify the Lie algebra sp(2) with g[(2,EI) fl u(4). In this case, the 2x2 
matrix A is symmetric, while B G u(2). 

Definition 3.7. The real 10- dimensional space of SBFs characterized by the equiva- 
lent conditions i\3. 9\) . Ii3.10\) will be denoted henceforth by S. 

An obvious element of S is represented by the identity matrix 

(3.11) I={/|0}. 
Moreover, we have 

Lemma 3.8. A SBF Q is real if and only if iQ is purely imaginary, and any SBF is 

represented uniquely by a symmetric matrix 

(3.12) Q = Qi + iQ2, 
where Qi,Q2 G S. 
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Proof. The first statement is an immediate consequence of (13.81) . The second follows 
from setting 

Qi = |(Q + TOJ), ^Q2 = l{Q-JPQS). 

Note that Q2 (resepctively, Qi) vanishes if and only if Q is real (resepctively, purely 
imaginary) . □ 

Recall that GL{2,M) denotes the group of invertible matrices of the form (13. 6p . 
and SL{2,M) those with determinant equal to 1. 

Lemma 3.9. If Q is a real SBF and G G GL(2, H) then G^QG is also real. 
Proof. We have 



J^(G^gG)J = (GiyQiGI) = (JG')Tg(JG') = G'{I'QS)G) = G'^QG, 
as required. □ 

3.4. Geometry of real quadrics. Let ^ be a quadric hypersurface in CP^. Then 
=S intersects each twistor fiber in one of three possible cases: (0) the entire CP^, (1) 
one point; (2) two points. Let j9 G S"^ = U {00}. If Case (0) or (1) happens over 
p, then we say that p belongs to D, the discriminant locus. We write the latter as a 
disjoint union D = DqU Di, where p G -Do if and only if Case (0) happens over p. 

We shall say that a quadric ^ C CP^ is real if it is represented by a SBF that 
is real in the sense of Definition 13. 6[ The collection of real quadrics ^ is an RP^, 
with maximal rank quadrics corresponding to an open subset. In the following the- 
orem we will show that a non-degenerate real quadric is uniquely determined by its 
discriminant locus. 

Theorem 3.10. If is a real non- degenerate quadric, then the discriminant locus D 
is a geometric circle S"^ C S'^, and D = Dq. Furthermore, ^ is uniquely determined 
by this circle. 

Proof. Recalling the notation (12. 2p and (13.61) . we introduce the matrix 
(3.13) Qo = {0|i^}. 

This is compatible with the convention of Section 13.31 and the use of coordinates 
[■Co) W^i!^i25 on CP^ (see (13. 2p ). The corresponding quadratic form is therefore 

-2^oW2 + 2^i2Wi. 

Using (12. 7p . the fiber equation can be written 



= -^0(^0^2 + 62^1) + ^12(^02:1 - 622:2) = -Z2^o + (^1 - ^1)662 - ^2^^ 



12- 

4 



Clearly, all coefficients vanish when Z2 = and zi is real, which is a line in M . The 
discriminant is 

-4:{{3mziy + \z2\^), 

which vanishes exactly along the same line. The quadric is invariant under the in- 
version (I2.14p . so it also contains the twistor line over infinity, consequently D = Dq 
is a circle. It will be shown below that all real quadrics are equivalent under the 
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conformal action (Proposition I4.2p . Since the conformal group maps circles to circles, 
this proves the first statement. 

We next prove the uniqueness statement. First, fix an S^. Let and ^2 be two 
real non-degenerate quadrics with discriminant locus this fixed S^. The lift of the 
discriminant locus is ti~^{D) = x CP^ (since an oriented CP^-bundle over is 
trivial), and it disconnects ^2 into two components. So just consider a connected 
component C2 of ^2 \ {S^ x CP^). Note that C2 is a degree one hypersurface. Now 
look at the closure of C2 in CP^, and observe that 

C2\^i c CP^\^i. 

If C2 \ ^\ is empty, then there is nothing to prove. Otherwise C2 fl ,^1 is a subvariety 
of dimension one. So we can then apply Bishop's Theorem ( [Bis64l Lemma 9] = 
Theorem 13.21) to conclude that the closure of C2 is an algebraic variety in CP^. But 
again a degree one subvariety must be a linear hj^erplane, so then ^2 is degenerate, 
a contradiction unless = ^2- D 

We note that the quadratic formula yields an explicit solution for the OCS induced 
by the above quadric. 



2 Jm2i ± v/-(^m2;i)2 - |2;2|2 
(3.14) a{zx,Z2) = . 

^2 

Theorem 13. 101 implies that this OCS is in fact invariant under all conformal transfor- 
mations which fix the singular . As a corollary of the above proof we have Theorem 
11.61 from the Introduction: 

Proof (of Theorem M.b]) . Given a circle S*^ C S^, let ^1 be the unique real quadric 
with discriminant locus this S^. In the above proof, now let C2 be the graph of an 
OCS defined on M'* \ 5*^. If C2 is not equal to a branch of the quadric, then it must 
be a hyperplane, in which case the corresponding OCS is conformally equivalent to a 
constant OCS. The proof is finished by noting that the two branches of a real quadric 
induce ± J. It is also clear that the corresponding OCS cannot be extended smoothly 
to any larger domain. □ 

Remark 3.11. It is easy to see from the above proof that Theorem 11.61 remains valid 
under the more general assumption that A is a finite union of circles. 

3.5. Uniformization. In this section, we show that Theorems 11.31 and ll.6[ together 
with some well-known results in conformal and Hermitian geometry, give a new 
proof of Pontecorvo's classification of locally conformally fiat Hermitian surfaces. As 
pointed out in |Pon92bj . this was also stated without proof in |Boy88] . 

Theorem 3.12 (Pontecorvo [Pon92bj ). If{M,g,J) is a compact connected locally 
conformally fiat Hermitian surface, then it is conformally equivalent to one of the 
following: 

1) A complex torus or hyperelliptic surface with the flat metric. 

2) A Hopf surface (finitely covered by \ {0} = 5*^ x S^) with the Hermitian 
metric of Vaisman |Vai82] . 
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3) A product CP^ x Sg where Sg is a Riemann surface of genus g > 2 with metric 
the product of the +1 curvature metric on CP^ and the —1 curvature metric on Sg. 

Proof. A result of Gauduchon states that, under the conditions assumed, the scalar 
curvature -R > 0, and R = implies that g is Kahler |Gau96l Theorem 1] (see 
also |Boy86| ). Since -R > 0, [SY94^ Theorem 4.5] implies that the developing map is 
injective, and has image Q, which is the domain of discontinuity of the Kleinian group 
7Ti{M), with limit set A = S'^\Q. By |SY88t Lemma 1.1], there are 2 possibilities: M 
admits a conformal metric of strictly positive scalar curvature, or M admits a metric 
of identically zero scalar curvature. In the case of positive scalar curvature, |SY88t 
Theorem 4.7] and |Nay97 Corollary 3.4] imply that dim7-^(A) < 1. By Theorem ll.3[ 



the complex structure extends to the standard OCS on 5*^ \ {p}. This implies that 
7ri(M) is a subgroup generated by U (2), dilations, and translations. The only possible 
compact quotients are finitely covered by a torus, or a Hopf surface. The only ones 
with positive scalar curvature are the latter, in which case A = {pi,P2}, and the 
metric is conformal to the scale-invariant Vaisman metric g = \\z\\^^go |Vai82] . In the 
case R = 0, the metric is Kahler, so H'^{M) ^ 0. Using Bourguignon's Weitzenbock 
formula |Bou81l Section 8], Lafontaine showed that in this case {M,g) is either flat, 
or a metric in case 3) |Laf82] . If it is flat, again Theorem 11.31 implies the OCS 
lifts to the standard OCS on M^, which is case 1). In case 3) , Q = S'^ \ which 
is conformally equivalent to S*^ x H^, where is hyperbolic space. Theorem 11.61 
implies the OCS on M lifts to a unique OCS on 5*^ x H^, which must be the product 
OCS. Proposition US] below implies that ni{M) C SU{2) x S'Oo(l,2), which forces 
7ri(M) C SOo{l, 2) = PSL{2, M). □ 

Remark 3.13. If an OCS on a domain f2 C is Kahler, then it must be constant. This 
follows since the Kahlerian condition implies that J is parallel, thus J is constant. If 
one takes the image of a constant OCS under an inversion, then it is no longer Kahler, 
but it is locally conformally Kahler. As seen in the above proof, a real quadric also 
induces a locally conformally Kahler OCS. Any other OCS coming from an algebraic 
hypersurface in CP^ will not be locally conformally Kahler. This follows from the 
result of Tanno in jTan72j (see also |Der83l Section 3]), in which it is shown that a 
locally conformally flat Kahlerian space must be locally symmetric. We point out 
that the proof of the classiflcation in |Pon92bj relies on some special properties of 
locally conformally Kahler metrics proved in |Pon92a] : our proof avoids this step. 

4. Group actions and stabilizers 

The main equivalence we will consider is 

Definition 4.1. Two non-zero complex symmetric 4x4 matrices Q, Q' are equivalent 
if there exists G G SL{2,B.) and 7 G C* such that Q' = 'jG^QG. 

We plan to study the orbits of the complex 10- dimensional vector space 
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under the action of the 17-dimensional group 

(4.1) C* X SL{2,m) = U{1) X GL(2,e). 

Observe that —I belongs to SL{2,M.) (see (13. lip ), but acts as the identity on Q; 
indeed, C* and SL{2,M.) only share an identity element. 
Since Q and Q' define the same quadric 

(4.2) ^ = {[v] : g(v) = 0} C CP^ 

if and only if Q' = 7Q for some 7 G C*, two quadratic forms are equivalent if and 
only if their associated quadrics are related by an element of the connected group 

(4.3) 5L(2,H)/Z2 = SOo(l,5), 

as discussed in Section [2771 If Q is non-degenerate, we can use the C* action to assume 
that det Q = 1, but it is not convenient to do this initially. Indeed, we shall allow G to 
lie in GL[2, H), the action of which preserves the splitting (13.121) by Lemma [3.9[ We 
begin the classification theory of quadrics by discussing the case in which Q = Qi is 
itself real in the sense of Definition 13.61 We also suppose that the associated quadric 
is non-degenerate, meaning that rankQ = 4. 

Proposition 4.2. Suppose that Q G S has rank 4- Then there exists G G GL(2,E[) 
such that G^QG = I. 

Proof. If G G Sp{2) so that G'^ = G^, then by fl33|l . 

(4.4) (G^gG)JJ = G'^QG = (Ad G'^)Q 

in the notation of (13.101) . We should therefore concern ourselves with the adjoint 
action of Sp{2) on its Lie algebra sp{2). Any adjoint orbit of a compact Lie group 
must intersect a fundamental Weyl chamber in the Lie algebra of a maximal torus 
|Ada69] . In the case of Sp{2), we may choose a diagonal maximal torus f/(l)^, and 
coordinates A, fi on its Lie algebra M?. The Weyl group includes the reflections in the 
coordinate axes, so there exists G G Sp{2) so that 

/ i\ 0\ / i\ 

ifi _000 

-a ~ zA 

y -in J \0 ifi 



(Ad G^)Q 



\ 

ifi 


0/ 



with A, /i > 0. Thus 
(4.5) 



G'^QG 




D 



D 




{0\D}, 



where D = diag(zA, ifi). 

By postmultiplying G by diag(A^^/^ 
for D 
and 



-i/2^_)^-i/2^^-i/2^^ we see that (gS]) is valid 
il and some G G GL(2, H). If we now set H = {l \il} then H'^H = {O | 2il}, 



Replacing G by \/2GH 



2G^QG = H^IH. 
completes the proof. 



□ 
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The stabihzer of I by the action of SL{2, H) is the group 

(4.6) 50(2, e) = 0(4, C) n 5L(2,H), 

where 0(4, C) is the set of complex orthogonal matrices characterized by the equation 
X~^X = I. The group (14.61) is isomorphic to the group SO* (4) described by Helgason 
IHelOll Ch X, §6]. Both 50(4) and 50* (4) are real forms of 

(4.7) 50(4,C) ^ 5L(2,C) 5L(2,C), 

and as a counterpart of the well-known isomorphism 50(4) = SU{2) x^^ SU{2), we 
have 50*(4) = 5L(2,R) x^^ SU{2). We next make explicit its action on the real 
vector space S. 

Let Q = Qi continue to be a matrix of the form (13.91) representing a real SBF. 
Then Q decomposes as the sum of three real symmetric matrices modulo Qq defined 
above in (13.131) . To see this, given (13.91) . write A = L + iM and B = —vK + iN with 
f G M (later v will be the imaginary part of a complex scalar r) and L, M, N real. 
Then 

' L + iM -vK + iN 
vK + iN L-iM 

and the 2x2 matrices L, M, N are all symmetric. In this way, we have decomposed 
the tracefree component 



Q 



L + iM iN \ ^ , , 

(4.8) <3 + .Q„=^ ^_^^^j^{L^mim} 

of Q (relative to Qq) into the triple (L, M, A^). 

The above decomposition of S into "9 + 1" dimensions is invariant under the sta- 
bilizer 

(4.9) <^ = {Ge 5L(2, H) : G^QoG = Qo} 
that we describe next. 

Proposition 4.3. The subgroup d^.g] ) equals the set of matrices 

I -^]=\aR\bR}, with Re SL(2,m, a,beC, \af + \bf = 1. 

\—bR aR J ^ ' 

It is conjugate to 50(2, H), and isomorphic to 5L(2, M) X22 5f/(2). 

Proof. Proposition 14.21 (and the fact that det 1=1 = det Qq) implies that there exists 
F e 5L(2,e) such that 

(4.10) F'^QoF = I. 

For the sequel, we record one possible choice, namely 



(4.11) 





/ 1 










1 





—i 


1 










i 


1 
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Let G e 5L(2,H). It follows that 

G^G = I ^ {FGyQo{FG) = F^QqF ^ FGF'^ e ^, 

and ^ is certainly conjugate to (14.61) . 

Now suppose that G = {aR \ hR] where R G SL{2, M) and |ap + |6p = 1, so that 

Recall the definition (13.131) of Qq in terms of the 2x2 matrix and observe that 
R^KR = K for all R G SL(2,R). It follows easily that G~^QoG = Qq, and we obtain 
have a homomorphism SL{2,'R) x SU{2) — > ^ given by 

(4.12) {R,U) ^ {aR\bR}, 

with kernel {(/, /), (— /, —I)}- Its surjectivity follows from the fact that the stabilizer 
^ is effectively a subgroup of (14.71) . □ 

We now continue the main discussion. Fix any G G ^. Then the action of G on 
(14. 8 p is determined by setting 

L' + iM' iN' \ _ rf L + iM iN \ 
iN' L' -iM' ) ~ \ iN L - iM J 

In these terms, the representation ^ —>■ Aut(]R^) is characterized by the two separate 
homomorphisms obtained by seeing what happens when 

^ = (o r) (-// 

equivalently U = I and R = I, respectively. The first one is given by 

(L', M', N') = {R~^LR, R^MR, R^NR), R G 5L(2,M). 
The second requires more complicated notation, but we can set 

(A'n, A'ls, A^2) = (f/'^Ant/, f/^Aiaf/, f/^Asaf/), U G SU{2), 
in which (for fixed a,/5) 

L^p + iM^p iN^p 

iNafS Lap - iMap 



(4.13) A 



a/3 



is the complex 2x2 matrix whose entries are made up from the a(3 entries of L, M, N. 
Both of these homomorphisms are built up from elementary double coverings: 

Lemma 4.4. (l)IfLisa2x2 real symmetric matrix then 7Ti{R){L) = R^LR 
defines a homomorphism from SL{2,'R) onto the connected group SOo{l,2), with 
kernel {I, —I}- 

(2) If A is a 2 X 2 complex symmetric matrix such that AK G 5u(2) then 7r2(f/)(A) = 
l/^AU defines a homomorphism from SU{2) onto 5*0(3), with kernel {/, — /}• 
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Proof. (1) The secret is to identify a vector v = {x,y,z) G with the symmetric 
matrix 

X + y z 
z X — y 



so that 

(4.14) x = |(Lii + L22), 2/ = |(Lii -L22), z = Lu. 

Since RJLR is symmetric, tti is well defined, and its kernel is readily computed. Since 
detLv equals the Lorentzian norm squared of v, the image of S'L(2,M) by vri lies 
inside 5*0(1, 2); indeed it is a Lie subgroup of maximal dimension and must therefore 
be the connected component of the identity. 

(2) This is a partially obscure version of the well-known representation of rotations 
by unit quaternions. The secret is to identify w = (/, m, n) G with the matrix 

/ , . A A { I + im in 

4.15 A = = . , 

^ ' \ in I — im 

so that detAw = |wp. Since 

r . . , / in —I — im\ 
A = AK = { , . . G su(2), 

\^ / — tm —tn J 

we have the correct condition on A. Moreover 

{U^AU)K = U^AU = (Adt/"^)A G su(2), 

just as in (14.41) . and 112 is equivalent to the adjoint representation of SU{2) on su(2). 

□ 

Now consider the 3x3 real matrix 

/i(Ln + L22) i(Mn + M22) \{N^i + N22)\ 
(4.16) X= KLn-M |(Mn-M22) \{N^i - N22] 

\ Lu M12 Nu ) 

Its columns encode the matrices L, M, A^, or more precisely, the vectors 

Vl, V2, V3 

associated to them via fl4.14p . This means that if we premultiply X by (the inverse of) 
an element of 6*00(1,2) then this (right) action coincides with that of 5^(2, M) C ^ 
on (14.81) via vri. 

As for the rows, these encode the objects 

i(An+A22) ^ |(wi + W2) 

|(Aii-A22) ^ |(wi-W2) 

A12 ^ W3, 
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since fl4.13p has the same form as the matrix (14.151) . This enables us to identify the 
rows with hnear combinations of elements wi, W2, W3 in the fundamental representa- 
tion of S0{3). This means that if we postmultiply X by an element of S0{3) then 
this (right) action coincides with that of SU{2) C on (14.81) via Ti2- 
We can summarize our discussion by 

Proposition 4.5. The action o/^ on ^4-^ ^■^ given by 

G-X = 7ii{R)-'X7r2{U), 
in terms of the isomorphism jj.l^ and identification ^.16^ . 

This proposition is effectively saying that the real 3x3 matrix X, or equivalently 
the triple L, M, of 2 x 2 matrices, encodes an element of the tensor product of the 
adjoint representations s[(2,M) and su(2). We shall exploit this next. 

5. Classification of quadrics 

Consider the complex symmetric matrix (I3.12p . whose real part Qi we assume to 
have rank 4. Using Proposition 14.21 and (14.101) . we may find H G G'L(2,]HI) such that 
H^QiH = Qq. Using (14. 8p . we may write 

(5.1) H^QH = Qo + ^H^Q2H = z (^^ ^ ) + (1 - ^v)Qo. 

We are at liberty to act on (14.161) by elements of ^ in an attempt to simplify L, M, N, 
but f G M is invariant by this action. 

The singular value decomposition (SVD) of an arbitrary real matrix X of order 
mxn asserts that X can be expressed as PDQ where P is a square orthogonal matrix, 
D a diagonal matrix with non-negative entries, and Q a matrix with orthonormal rows 
[HJ851 IStr80j . Hyperbolic versions of this result are known to hold |Pol04] , and we 
shall now investigate the case m = n = 3 in the context of the following definition, 
whose scope is limited to this section. 

Definition 5.1. We shall say that two real 3x3 matrices X, Y are congruent if there 
exist P G S'Oo(l,2) and O G S0{3) such that PXO = Y. If X is congruent to a 
diagonal matrix, we shall call it diagonalizable. 

We can then prove 

Theorem 5.2. Any real 3x3 matrix X is diagonalizable or congruent to the matrix 

fl 0\ 

(5.2) Mk = I 1 

\0 A; 0/ 

for some k ^ 0. 

This theorem will be established with a series of lemmas that deal with the cases 
in which the rank of X is respectively 3, 1, 2. 

Lemma 5.3. If X has rank 3 then it is diagonalizable. 
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Proof. Suppose that rankX = 3. Consider the matrix 

E = 




representing the Lorentzian inner product on M.^. A matrix P belongs to 0(1,2) if 
and only if P^EP = E. The matrix X^EX is symmetric and represents a quadratic 
form with the same signature as E. Thus, there exists O G 5*0(3) for which 

,2 





(5.3) 0\X'^EX)0 

where y, x, u are all non-zero. 

We now define P by the equation 

(5.4) PXO ■ 

Comparing (15. 3p with (15.41) . we see that 

(5.5) 0^{X^EX)0 = {PXOfE{PXO), 
so that 

{XOf{P~^EP - E){XO) = 0. 

It follows that P G 0(1,2). Finally, we may ensure that P belongs to the identity 
component 5*00(1, 2) by changing the sign of one or both of y, x in (15. 4p . □ 

Lemma 5.4. If X has rank 1 then it is either diagonalizable or congruent to Mq. 

Proof. Suppose that rankX = 1. Using just the right 50(3) action we transform the 
first row of X into (a, 0, 0). Since the three rows of X are proportional, we see that 
X is congruent to a matrix 

(5.6) X = 

with two zero columns. 

Using the left action by 50o(l,2), we may now convert the only non-zero column 
into one of 

(5.7) {x,0,0)\ (0,x,0)^, (1,1,0)^, 

according as the Lorentzian norm squared — iP — c? equals x^, — or 0. To verify 
the last case, we first make the third coordinate vanish; we are then free to change 
the sign of the middle coordinate, and apply a typical element 

,^ / cosh t sinh t 

^ ' ' I sinh t cosh t 
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of 5*0(1, 1). The matrices associated to the first two cases in (15. 7p are obviously 
diagonahzable in the sense of Definition (15.1 1) , while the third gives Mq. □ 

The final case is 

Lemma 5.5. If X has rank 2 then it is either diagonalizable or congruent to Mk with 
k>0. 

Proof. Suppose that rankX = 2. Using the right 5*0(3) action we again transform 
the first row of X into (a, 0, 0). This time, it follows that X is congruent to a matrix 
of the form 

/a 

(5.9) 6 e 

\c f 

where not both of e, / are zero. Using the action of 5*0(2) C 5*Oo(l, 2), we can also 
assume that e = 0, whence / 7^ 0. The second column is now preserved by 5*0(1, 1) 
acting on the first and second coordinates, and we can use this subgroup to convert 
the first column into one of 

(a',0,c)T, {0,b',c)\ (l,±l,c)^. 

In the first subcase, we effectively have a 2 x 2 block of rank 2, which can be diagonal- 
ized by a subgroup 5*0(1, 1) x 50(2) (as in Lemma 1531) . In the second subcase, we 
may diagonalize the result using 5*0(2) x 5*0(2) and ordinary SVD. The final subcase 
yields a matrix congruent to 

/I 0\ 

(5.10) 1 , 

\c g 0/ 

where g = ±f 7^ 0. 

Applying S0{2) C 50(3), convert (ISAOD to 

cos 9 sin 9 

cos 9 sin 9 

c cos 9 — g sin 9 c sin 9 + g cos 9 

Choose 9 = arctan(c/(7) so that 

c cos 9 — g sin9 = 0, k = csin9 + g cos 9 > 0. 

Since 5*Oo(2, 1) acts transitively on elements of Lorentzian norm squared —k"^, we can 
act by this group so that the second column becomes (0, 0, A;)T The new first column 
remains null and orthogonal to the second, and must have the form (x, X, 0)^ with 
X 7^ 0. We obtain by applying fl5.8p . □ 





Having completed the proof of Theorem 15. 2^ we can interpret the result in terms 
of complex 4x4 symmetric matrices. 
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Corollary 5.6. Let Q = Qi + iQ2 be a SBF, whose real part Qi is non- degenerate. 
Then Q lies in the same GL{2,M.)-orbit as one of the matrices 



(5.11) 





X + iy 










u + iv 















—X + iy 


u — iv + 1 


















u — iv + 1 


—X + iy 









v 


u — 


iv — 


1 








X + iy 


I 


M 


, or 




















f 


2i 


-k 





iv — l\ 












-k 





—iv + 1 


















—iv + 1 


2i 


k 










y —iv — 


1 


k 


J 







where x, y,u,v G 



(5.12) 



where /c,f G M. Moreover, the orbit containing Ii5.11\) determines v, yxu, y^ and the 
unordered set and the orbit of Ii5.1^) determines v and k"^ . 

Proof. Assume that Q already equals the right-hand side of (15. ip . Suppose that X 
is diagonalizable in the sense of Definition (15.11) . We can then find G G 5f such that, 
having replaced the left-hand side of (14.161) by G ■ X, the new off-diagonal terms 



Lii — L 



22; 



^12, 



M22 + M- 



Ml 



12, 



iVii, N, 



22 



all vanish. It follows that L + iM is itself diagonal and iN is off-diagonal. Equation 
(15. 4p allows us to choose 



(5.13) 



y 

X 

u 



-|(Mn 

-iVl2 



-^22) - 
-M22) 



-M 



11 



as the diagonal elements of X, yielding (15.111) . If, on the other hand, X is congruent 
to (15. 2p then we immediately obtain (I5.12p . 

For the last statement, note that the canonical forms (15.110 and (I5.12p both have 
real part equal to Qq, and this property will only be preserved by a subgroup of ^. 
The latter leaves v invariant, and also the similarity class of X"^EX (see (15. 5p ). If 



X is diagonalizable, this class is specified by the set {y^, 
(15. 3p . or equivalently by the characteristic coefficients 



-X 



-u } of eigenvalues in 



(5.14) 



v = y 



x'^u^ 



u'^y'^ 



y^x'^, 



y'^x'^u^ 



Moreover d = det X is invariant by ^. To conclude, note that p,q,d are defined for 
arbitrary X, and has p = -k"^ and q = = d. □ 

While we now have a complete description of the action of GL{2, H), it remains to 
describe the effect of the group U{1) in Definition 14.11 This amounts to understanding 
the action induced on the canonical forms (15. lip and (I5.12p by multiplying Q = 
Qi + 1Q2 by e''. 
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Theorem 5.7. A complex symmetric 4x4 matrix Q of rank 4 ^^es in the same 
U{1) X GL{2,M.) orbit as either a diagonal matrix 

(5.15) Qa,m,. = diag(e^+*^ e^-^^ e-^+^^ e"^"^^) 

with ^ A ^ /i and v G [0, vr/2), or a matrix Ii5.12\) with v = and k G [0, 1). 

Proof. By multiplying Q by a suitable unit complex number, we may suppose that 
the real part Qi of Q in (13.81) also has rank 4, and apply Corollary 15.61 

First suppose that the GL{2, H) orbit of Q contains a matrix (15.111) . Not only does 
the matrix F defined by (14. lip transform Qo into I, but it transforms (15. lip into the 
diagonal matrix I + i | A | } , where 

{^Tfi\ . _ f y - V + i{-x + u) \ _ /tana \ 

^^^^> \ -y~v-i{x + u))~\Q tan/3 ^ • 

The second equality can be used here to define a, [3 G C, given that det Q 7^ and 
the meromorphic function tan avoids only the values ±i. Choose c, d G C such that 
= cos a, d'^ = cos (3. Acting by the matrix 

(5.17) diag(c, d, c, d) G GL(2,H), 
we see that Q is equivalent to 

diag(e*", e'f^, , e^). 

This form makes the action by e*^ G ?7(1) in (14.10 transparent, and we may use it to 
choose 

(5.18) ia = \ + ii', ip = fj, — iu, 
so that det Q = 1. 

The statement that further restrictions can be imposed on A, /i, u follows from 
Lemma 15.81 below. 

To handle the non-diagonalizable case, denote (15.121) hj Q = Qq + iRv,k- A calcu- 
lation reveals that det Q equals 

(5.19) 1 - 2A;2 + A;^ - 6t;^ + 2k'^v'^ + + Aiv{k'^ + v"^ - I) = (A;^ + {v + iff, 

and we are assuming that this is non-zero. The only points (/c, v) that are excluded 
are (±1, 0), for which rankQ = 3. The real part of the matrix e*^Q equals 

Qq cos 6 — Ry^k sin 6, 

and the determinant of this real part is 5^ where 

(5.20) 5={cose + vsi\ief + {ksinef. 
Since e^^Q is again non-diagonalizable. Corollary 15.61 implies that 

(5.21) H\e''Q)H = Qo + ^Rk,„ 

for some H G GL(2,M). Examining the real part of (I5.2ip shows that det if =1/5, 
whence 

(5.22) e^'^detQ = 6^{k^ + {v + tff. 
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Now choose 9 so that the left-hand side of fl5.22p is real and positive, and (more 
specifically) take v = tan 6* if k = 0. Then 6^0, and fl5.19p tells us that v = 0. 

Imposing the condition det Q = 1 almost fixes a representative of the U{1) orbit; 
the only ambiguity that remains is to multiply Q by a power of i. Setting v = = v 
and 9 = 7r/2 in (15.221) yields k = 1/k, so it suffices to restrict k to the interval 
[0,1). □ 

Combining the final sentences of the two preceding proofs, we conclude that the 
equivalence classes of non-diagonalizable matrices are faithfully parametrized by A; G 
[0, 1). The situation is more complicated in the diagonalizable case: 

Lemma 5.8. Q\^fj,,u, Q\',n'y O'l"^ equivalent in the sense of Definition \4-l\ if and only 
if {X, fiju), (A',/i', z/') belong to the same orbit under the group T of transformations 
o/R^ generated by the four maps 



(5.23) 



(A, n, v) ^ (A, /i, z/ + f) 

(A, /i, ^ (-A, /i, z/) 

(A, /i, z/) ^ (A, -/i, z/) 

(A, /X, z/) ^ (/i. A, -z/). 



Proof. Suppose that 

(5.24) e''H'^Qx,^,,.H = Qy,^'y, 

with H e GL(2,EI). Taking determinants of both sides shows that e^*^ = 1, so we 
only need consider the action by the subgroup of U{1) generated by i. To obtain the 
first map in fl5.23p . observe that 

(5.25) ^i^rQA,^,.i/i = Qw+f, 

where Hi = diag(l, i, 1, -z) G SL{2,m). 

The second map corresponds to (a,/?) ^ («, /5) and arises from the equation 

(5.26) H]{Qx,^,u)H2 = g_A,M,., 
where 

/O 0-1 0\ 
10 



Ho 



10 
\0 1 J 



G SL{2,m). 



The simultaneous conjugation (a,/?) ^ («,/?) is realized by 
(5.27) H;[{Qx,^,,)Hs = Q-x,-^.,u 



with Hs = {O I /}. Thus the third map in fl5.23p is generated by H2H3. The final 
map arises by swapping a and (3, and the equation 

(5.28) Hj{Qx,^j.,,y)H4 = Q^x-yi 

with Hi = {K\0}. 
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For the 'only if statement, we may suppose that v G [0,7r/2) and use flS.lSp to 
write 

(5.29) Q,,^,, = diag(e^°, e^^e^e^^). 

Since cos a and cos /3 are both non-zero, we can reverse the procedure fl5.17p to obtain 
a matrix (15. lip in the same GL(2,IH[) orbit. We now appeal to the last part of 
Corollary 15.61 to conclude that y,x,u are uniquely specified up to changing signs of 
any two of them or swapping x, u. But these operations exactly correspond to the 
maps above, by means of fl5.16p . Indeed, x ^ u translates into fl5.26l) . {y,x,u) i-^ 
{y, —X, —u) into fl5.27p . and {y,x,u) i— {—y,x, —u) into fl5.28p . The description of V 
is completed by the discussion leading to fl5.25p . □ 

In view of the lemma, we may now represent each orbit of F by a unique point of 
the domain 

{(A,/i) : ^ A ^ /i} X 5\ 
where 5*^ parametrizes e^*'', except for the identification of (/U,yU, v) with (/i, /i, f — z^). 
Examples of diagonal matrices Qx^^^u for which the stabilizer of (A, /x, u) in F is not 
the identity are 

(a) the real quadratic form (5o,o,o = I; 

(b) Qo,o,u with u ^ modulo 7r/2; 

(c) Qo,ij.,u with /i 7^ 0, which is equivalent to I + iQ2 where rankQ2 = 2. 

(d) Q\,x,o and Qx,x,^ with A 7^ 0. 

Most of these distinguished quadrics will play a role in the sequel. 

Remark 5.9. The half line of forms Qx,x.o with A ^ is realized by taking y = u = 
V = and x = tanhA G [0, 1); it follows that q = d = and p = — in fl5.14p . The 
non-diagonalizable solutions also have q = d = and p = — /c^ ^ 0. It follows that 
the invariants p,q,d do not separate the U{1) x G'L(2,EI) orbits, and the associated 
quotient space is not Hausdorff. 

5.1. Quadrics and twistor lines. As a first application of the classification theo- 
rem, we identify exactly how many twistor lines a quadric may contain. We use the 
notation from Section 13.41 

Theorem 5.10. For any non- degenerate quadric there are three possibilities: 

(0) D = Do = S^, which is the case when ^ is real. 

(1) contains no twistor lines, that is, D = Di. 

(2) ^ contains exactly one or exactly two twistor lines. 

Since the statement is conformally invariant, we may assume that the quadratic 
form q is in the canonical form of Theorem 15. 7^ with the coordinates of taken in 
the order ^o, W^i? ^12, W^2. Theorem 15.101 therefore follows from 

Proposition 5.11. Let Q he in canonical form \5.1^) . with ^ A ^ /i, and ^ z/ < 
7r/2. The corresponding quadric ^ contains exactly two twistor lines if and only if 
A = /i 7^ 0, and u = 0. The quadric ^ contains a family of twistor lines over a circle 
if and only if X = fi = u = 0. Otherwise, ^ contains no twistor lines. 
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In the case Q = Qo + iRkfi of liS.lS^) with k G [0, 1), the corresponding quadric ^ 
contains exactly one twistor line. 

Proof. Using our identification (ESD of CP^ x witli CP^ \ CP\ ^ is defined by 
Write this as 

(5.30) A{i^f + 25^0^12 + C(ei2)' = 0, 
with 

r A = Ci + C:i{zif + Ci{z2f , 

(5.31) I B = -C3Z1Z2 + C4Z1Z2, 

[ C = C2 + 03(^2)^ + C4(^l)^ 

where to simphfy notation we have set 

(5.32) ci = e^+'", C2 = e-^+'^ C3 = e^-*^ C4 = e'^-'^ 

The subset of the discriminant locus in containing entire twistor fibers is given by 

Do = {(^1,^2) : A = 0, B = 0, C = 0}. 

If {zi, Z2) G -Dq) then 

g-A+i^ + e^'-'"'(z2f + e-^^-'^izif = 

(5.33) e''-"'ziZ2 - e-^'-"'ziZ2 = 0. 

Clearly {zi, Z2) 7^ (0, 0), since the coefficients are non-zero. For the same reason, these 
quadrics do not contain the twistor line over infinity, as easily follows from applying 
the inversion fl2.14p . 

Let us examine first the case that Zi 7^ and Z2 = 0. Then we have 

e^^"" + e^~'\zrf = 

g-A+i. ^ e-^-^^iz^y = 0. 

This yields 

which implies that X = fi and z/ = 0, in which case there are exactly two solutions 

(±2,0). 

Similarly, if 2:1 = and Z2 7^ 0, then 

^^^^2 _ _^\+ii+2ii/ _ _g-A-/i-2ii/ 

which implies that (A, /i, u) = (0, 0, 0) since by assumption ^ A ^ /i. 

We next consider the case that we have a solution with both zi and Z2 non-zero. 
From fl5.33p we obtain 

(5.34) e^ziZ2 = e~^zxZ2. 
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Taking norms, it follows that n = 0, and therefore also A = 0. The equations then 
simplify to 

(5.35) e^'" + (zi)2 + iz2Y = 

(5.36) e^'" + iz2f + (zif = 

Z{Z2 - Z1Z2 = 0. 

Equations fl5.35p and fl5.36p imply that u = 0. Consequently, =S is a real quadric, and 
this case was proved in Theorem 13. 10[ 

In the non-diagonalizable case, the quadratic form is twice 

^(^0 + ^u) - k^oW^ + ki^2W2 - ioW2 + il2W^. 
Using (12. Sp . the quadric is then written in the form f l5.30p . with 

(5.37) A = i + kzi—^2-, B = y{z{kz2) + i3xn{zi), C = i — kzi — Z2. 

To find twistor fibers, we set A = i? = C = 0. From A + C = —2^2, we get Z2 = 0. 
From S = 0, we get Zi = Xi & M. From C = 0, we obtain i — kxi = 0, which clearly 
has no solution. Thus there are no fibers in Q over M"^. 

We next look at the point at infinity by performing the inversion fl2.14p . The 
expression for the inverted Q is twice 

(5.38) i{W^ + Wf) - kWxi^ + ^^^2^12 - ^^162 + ^^26- 

The new A, 5, C have no constant term, so the corresponding inverted quadric con- 
tains the fiber over the origin. □ 

6. Smooth points 

Next we examine the smooth points on the discriminant locus. In this section, we 
will consider the diagonalizable case fl5.15p . and assume throughout that ^ A ^ 
/i, and V G [0,7r/2). The non-diagonalizable case will be considered seperately in 
Proposition 17.61 below. Writing the quadric in the form fl5.30p , the discriminant is 
defined by A = i?^ — AC ^ which is 

(6.1) A = (-032:1^2 + 04^1^2)^ - (Cl + Cz{zxf + C4(^2)^)(C2 + 03(^2)^ + C4(^l)^), 

and the discriminant locus is given by 

(6.2) D = {(zi,Z2)GK' : A(^i,^2) = 0}. 
We also adopt the following notation: if F : ^ = C with 

7' 



set 



Ox^g Oyi9 Ox29 Oy29 
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Proposition 6.1. The matrix of d^F ^ C : —>■ in the bases 
{d/dzi, d/dz2, d/dzi, d/dz2}, {d/dw, d/dw} 

is given by 



d,,F d,,F d,,F d,,F' 
d,,F d,,F d,,F d,,F, 



Proof. This is an elementary computation. □ 

It follows from tlie implicit function theorem that the set F~^({0}) is a submanifold 
provided that d^F{j)) : ^ has rank 2 for each p G F"^({0}). 

Proposition 6.2. The rank of d^F{p) is strictly less than 2 if and only if 



id,,F, d,^F) = e'' {d,,F,d,,F) 

for some 9 G [0,27r). 

Proof. If this condition is satisfied, then 



dnF®C 



-^'d,,F e-''d,,F d,,F d,,F 

d,,F d,,F e''d,,F e''d-,~F' 

e-^'d,,F e~''d,,F d,,F d,,F 

The second row is e"*'^ times the first, so the rank is not maximal. 

For the converse, without loss of generality assume that the first row is non-zero. 
The rank is strictly less than 2 if and only if there exists a constant c so that 

dxj dyj d^J dyj 
cda^J cdyj cd^J cdyj ^ 
A computation shows that this corresponds to 



d^F 



'1 - c2) + 2d 



1 + C2 ' 

so that c equals tan(6'/2). □ 
We let Vc denote the complex gradient of a function, so that 

VcF=(9,,F, 
We now apply this to the discriminant defining (16. 2p . 
Proposition 6.3. We have 

Vc(A) = ^-2C3C4^i|zp - 2C2C32:i, -2C3C4^2|zp - 2C2C42:2, 
— 2c3C42i|zp — 2ciC4^i, — 2c3C42;2|z|^ — 2ciC3^2 



where IzP = \zi\^ + 12:2'^ 
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Proof. Referring to fl5.3ip . we have the easy formulae 

VcA= i2c3Zi,2ciZ2,0,0) 

VcB = {-C3Z2, C^Zi, CaZ2, -C3Z1) 

VcC= (0,0,2c4^i,2c3^2). 
The claim follows applying these to A = i?^ — AC . □ 

We examine the bad points, i.e., points at which there exists 9 G [0, 27r) such that 

— 2c3C42;i|zp — 2CiC4^i = e*^(— 2c3C4Zi|z|^ — 2c2C3Zi) 

(6.3) _ _ _ I ,2 \ 

-2c3C42;2|z| - 2ci 032:2 = e (-2c3C4Z2|z| -20204^2]- 

Note that (-21,-22) = (0,0) is trivially a solution, but this point is clearly not on the 
discriminant locus. 

It is convenient to divide the following analysis of potential singular points into 
three cases: 

(i) -22 = and zi 7^ 0; (ii) zi = 0, and -22 7^ 0; (iii) -21 7^ and -22 7^ 0. 
We shall now consider in turn each of these three cases and related examples. 

6.1. Case (i) and twistor fibers. Assume that Z2 = but zi 7^ 0. We now have 
only the one equation 



C3C4Zi\zi\'^ + C1C4-21 



0304^1 1 Zip + C2C32;i 



(6.4) 

We must also have the discriminant vanish: 

(6.5) = A = -(Ci + Cszf){c2 + C^zj) = -C1C2 - C2C3ZI - CiC/^\ - C3C4|zi|^. 

Recalling ( 15.32^ . the equations (16. 4p and ( 16. Sp may be rewritten as 

(6.7) e^'" + e^-^zl + e^-^z\ + e-'^'^lzi]^ = 0. 

Writing out the real and imaginary parts, we obtain three real equations 
(6.8) 

sinh(A — /i) cos(2z/)(x^ — y^) + 2 cosh(A — /i) sin(2z/)xy = — sinh(A — /i) cosh(A — /i) 

(6.9) 2 cosh(A - /i) (x^ - y^) + cos(2z/) (1 + (x^ + y^)^) = 

(6.10) -4 sinh(A - ^)xy + sin(2i^)(l - (x^ + y^f) = 0. 

Proposition 6.4. // Case (i) happens, then A = /i and z/ = 0. 

Proof. First, let us assume that A 7^ yU. Equations (16. 9p and ( I6.10p give 

2 2 cos(2z/) ,^ , ,4, sin(2z/) , , ,4. 

2 cosh(A — fij 4 smh(A — fij 
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Substituting these into fl6.8p . we have 

cos(2z/) 1^ ^ I ^ 



sinh(A - /i) cos(2z/) - ; (1 + 

V z cosh A — u 



2 cosh(A — /i) 

+ 2 cosh(A — /i) sin(2z/) .^^w ^ '^'^ — r(l ~ kil"^) = — sinh(A — /i) cosh(A — /i) 

4 sinh(^A — /ij 

Multiplying by 2sinhcosh, 

- sinh2(A - li) cos2(2i^)(l + \zxf) + cosh^(A - /i) sin2(2z/)(l - l^i]^) 

= —2 sinh^(A — /i) cosh^(A — /i). 

This is 

- sinh2(A - /i) cos^(2z/) - cosh^(A - /i) sin2(2i/)) 

= + sinh^(A — yu) cos^(2i^) — cosh^(A — \i) sin^(2i^) — 2 sinh^(A — \i) cosh^(A — /x), 
which simplifies to 

\zif[^- sinh2(A - /i) co^^{2v) - co^\?[\ - /i) ^\t?(2v)^ 

= \(^ cos(4z/) - cosh (2(A - /x))) cosh (2(A - ii)) . 

A computation shows that then 

(6.11) 1 + |zi|^ = 2cosh2(A 1 - l^il^ = -2sinh2(A -/i). 

Substituting these into (16.91) and (I6.10p . and squaring the resulting equations, we 
obtain 

- 2x^y^ ^ = cos^(2z/) cosh^(A — yu), x^y^ = j sin^(2z/) sinh^(A — /i). 
From these we compute 

1 + = 1 + ^ 2x^1/2 + y^ = l+x^- 2x^y'^ + y^ + ^x^y^ 
= 1 + cos^(2z/) cosh^(A - /i) + sin^(2i^) sinh^(A - yu). 

This simplifies to 

1 + = 1 (^2 + cos(4z/) + cosh (2(A - /x))) . 
From the above equation (16.111) . the coefficients must therefore satisfy 

2 cosh2(A - cosh (2(A - /x)) = 1 + i cos(2z/). 

This simplifies to 

1 + i cosh (2(A - /i)) = 1 + i cos(2z/). 
We conclude that cosh (2(A — /i)) = cos(2i^), which is contrary to A 7^ /i. 
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Finally, we consider the case A = /i. In this case, the above system is 

e2- + ^2^^2^e-2-|;2i|4 = 0. 

If 1/ 7^ 0, the first equation yields zf = z\, which says that z\ is real, or equivalently, 
Zi is either purely real or purely imaginary. The second equation is then 

2^2^-e2--e-2-|^i|4 

= — cos(2z/) — \zif cos(2z/) + i{ — sin(2z/) + \ zi\^ sin(2z/)) . 

Since the left hand side is real, and 7^ 0, we conclude that that l^il"^ = 1. But 
then the equation reads 22;2 = — 2cos(2z/), so taking norms yields 1 = l^ip = cos(2z/); 
since < < 7r/2, this is a contradiction. We conclude that (A, A,0) is the only 
possibility. □ 

Proposition 6.5. If X = fi ^ and v = Q, then Case (i) happens over exactly two 
points, which are those over which the quadric contains the entire fiber. 

Proof. The first equation (16.61) is trivially satisfied, so we are just looking at points 
in the discriminant locus of the form (-2i,0). The second equation (16.71) is 

l + \zx\'^ + zl + zl = Q. 

Expanding, this becomes 

l + 2xl + x\- 2yl + 2xlyl + yl = {l + xl- 2y^ + yl){l + xl + 2y^ + yl). 

It is easy to check this has two solutions (x, y) = (0, ±1), which are exactly the points 
over which the quadric contains the entire fiber. □ 

Remark 6.6. Below we shall see a direct description of the situation described in 
Proposition 16. 5[ After a conformal transformation, the discriminant locus will be a 
cone in M^, with these singular points corresponding to the cone points at the origin 
and at infinity. 

6.2. Case (ii) and a limit of Clifford tori. Now assume that zi = and Z2 7^ 0. 

In this case we again have just one equation 



C3C42;2k2p + C1C3Z2 



OiCAZ2\z2?' + C2C4^Z2 



(6.12) 

Again, we must also have the discriminant vanish 

(6.13) = A = -(Ci + CazI){c2 + C3J2) = -C1C2 - 0204^2 - C1C3Z2 - C3C4\Z2\^. 

Recalling (I5.32p . the equations (I6.12p and (I6.13P may be rewritten as 

e2- + e-^'^zl + e^+nl + e-^"'\z2\* = 0. 
Proposition 6.7. // Case (ii) occurs then (A,/i, z/) = (0,0,0). 
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Proof. The proof is more or less the same as in Proposition 16.41 with A — /i replaced 
with A + /i. We conclude that A = —fi and z/ = 0. This implies the statement since 
^ A ^ /i. □ 

We already know that if A, /i, z/ all vanish then ^ is equivalent to a real quadric, so 
that D is a circle and coincides with Dq. We next consider another important case 
in which we can describe D explicitly. 

Proposition 6.8. If X = fi = and u 0, then the discriminant locus is a smooth 
Clifford torus. 

Proof. The discriminant equation in this case is 

(6.14) = e^'"" + e-2-|z|^ + + zl + zj + zj. 
The imaginary part of this equation is 

sin(2i^)(l - |z|^). 

Since z/ 7^ 0, we must have |z|^ = 1. That is, the discriminant locus D is a subset of 
the unit sphere. The real part of (16.141) is 

(1 + |z|^) cos(2z/) + 2{xl - yl) + 2{xl - yl). 

So D is the subset of the unit sphere defined by 

yf + yl = xl + xl + cos(2z/). 

If we let X = {xi,X2) and y = (j/i, —y2) (the minus sign will be convenient in the next 
subsection), then the equations are 

(6.15) |yp + |xp = l, |y|2 - |x|2 = cos(2z/), 

from which it follows that 

2 1 + cos(2z/) 2 1 ^ cos(2z/) 



2 ' ' ' 2 
which is clearly a smooth Clifford torus. □ 

Remark 6.9. For this family of tori, we see clearly from (I6.15p how the torus limits 
to a circle as ^ 0. 

6.3. Case (ill) cannot happen. We turn to the generic situation in which 2:1 7^ 
and Z2 7^ 0. Recalling (15.321) . we rewrite the system as 

2i|zP(e-2- _ e''e^n = zAe''e-^+^' - e^"^) 
(6.16) ^ n J 

^ ' 22|z|'(e-''" - e'^e^'") = Z2{e'^e-^-^' - e^+^). 

Lemma 6.10. Let A 7^ 0. ^4 point {zi,Z2) on the discriminant locus with both z\ and 
Z2 non-zero is a smooth point of the discriminant locus. 
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Proof. Since Zi and Z2 are non-zero, taking norms of these equations gives 



g— 2ji/ gjSg2ji' g— 2w gi6g2i!^ 



The denominators are the same, so this can only be possible if 

g2(-A+/.) _ ^ie _ g-ie _^ g2(A-M) ^ g-2(A+M) _ gig _ g-ie _^ g2(A+/.)^ 

which says that cosh(A — /i) = cosh(A + /i). Since ^ A ^ /x, we deduce that 
fi — X = X + fi, whence A = 0. □ 

Finally, we shall show that the assumption A 7^ is not needed in the previous 
lemma. 

Proposition 6.11. IfO = X<fi, then the discriminant locus is necessarily smooth. 

Proof. Fix z = {zi,Z2) = {xi+iyi, X2 + iy2), and again set x = (xi,X2), y = {yi, -y2)- 
The points where the gradient of A degenerates are given by (16.161) . Rearranging, 

e-2*'^;zi|z|2 + e-^zi = e'^e^'" Zi\z\'^ + ef" Zi) 
e-'^^Z2\L\^ \ e^Z2 = e*^(e2^^Z2|zp + e-^Z2)- 
Cross multiplying yields 

(6.17) 2(cos(2z/)sX + sin(2z/)cF)|z|2 + sinh(2/i)zi^2 = 0, 
where X + iY = Z1Z2 and c = cosh fi, s = sinh fi. Therefore, 

(6.18) Jm(;2iZ2) = X ■ (Jy) = 0, 
where Jy = (2/2,2/1)- Thus y = or 

(6.19) x = A;y, 

where /c G M. 

The discriminant locus is given by 

(6.20) 2c(|x|2 - |y|2) + (1 + \zf) cos(2z/) = 0, 

(6.21) 4sx-y-(|z|^-l)sin(2z/) = 0. 

We know that these equations, with c > 1, imply that |y| > 0, so we may asssume 

We now have |zp = (fc^ + l)|yp. Recalling the definition of y, we also have 
^12:2 = -{k - ifym, Z1Z2 = -(/c^ + l)?/i2/2- 
Thus X = (1 — k^)yiy2 and Y = 2%i?/2- However, f l6.17p implies that 

( cos(2z/)sX + sin(2z/)cr) \z\'^ = -as ^z{ziZ2), 
so either yiy2 = or 

(6.22) ((1 - k^)s cos(2z/) + 2kc sin(2z/)) |y ^ = as. 



ORTHOGONAL COMPLEX STRUCTURES 35 

But if ?/i?/2 = then one of -21,2:2 vanishes, which is impossible with the current 
hypothesis A 7^ /i. From fl6.20p and fl6.2ip . we also have 

(6.23) 2c{e - l)|y|2 + {{^ + 1)%]^ + l) cos(2z/) = 0, 

(6.24) 4sA;|y|2 - ((P + lf\y\'^ - l) sin(2z/) = 0. 

Consider first the special case z/ = 0. Then (16.241) gives /c = and thus x = 0. 
From (16.221) . we have |yp = c. But (I6.23P then implies that c = 1, which is not the 
case. 

Write C = cos(2z/) and S = sin(2z/). We may now assume that s > and S > 0. 
In the new notation, (I6.22p is 

(6.25) -sCk^ + 2cSk + sC = cs/\y\\ 

We get an analogous expression by multiplying (I6.23P by S, (I6.24p by C, and adding: 

(6.26) cSk^ + 2sCk-cS = -CS/\y\^. 

This is surprising, since (I6.25P arises from the gradient of A, whereas (16.261) arises 
from A itself. 

Now multiply (I6.25P by cS and (I6.26P by sC. Adding and simplifying, we get 

(6.27) 2k\y\'^ = sS. 
A similar operation involving subtraction gives 

(6.28) (1-P)|y|2 = ca 
We also obtain a solution 

2|y|2 = cC± Vc^C + 5252 = cC + Vs^ + C2. 
Rearranging (I6.28P gives 

{e + l)|y|2 = 2|y|2 -cC = Vs^ + C. 
This can now be substituted into (I6.24p to give 

4sfc|y|2-(s2 + C2- 1)5 = 0. 

Using also flOT]) . 

2^25 -(s^ + C^- 1)5 = 0, 
and = C^, which contradicts c > 1. □ 

We summarize what has been proved so far: 

Theorem 6.12. Assume that ^ is a quadric in the canonical form (A,/i, z/) with 
^ A ^ /i and ^ < 7r/2. Then the discriminant locus D is a smooth submanifold 
of real dimension 2, unless X = fi and = (in which case there are exactly two 
singular points). If (A, fi, v) = (0, 0, u) with u then D is a smooth Clifford torus. 
If (A, yU, u) = (0, 0, 0), then D is a circle. 

It will be the purpose of the next section to prove that D is an unknotted torus 
whenever it is smooth and (A, /i, z/) 7^ (0, 0, 0). 
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7. Topology of the discriminant locus 
We begin with the equation of the discriminant (16.11) . which expands to 
A = -e^'"" - e-^"'\7.\^ - e^+^zl - e'^'^zl - e^-^'zl - e^~^z\, 
where |zp = + |z2p- We shall consider separately the real and imaginary parts 
IHe A = 2 cosh(A - /i)(a;i -y\)^2 cosh(A + ii){x\ - yj) + (1 + |z|^) cos(2i^), 

(7.1) 3m A = -4sinh(A - yu)xiyi - 4 sinh(A + /i)a;22/2 - (|z|^ - l)sin(2z/), 
concentrating attention on the latter. 

Proposition 7.1. If u ^ 0, then the zero set {3mA = 0} is a smoothly embedded 
3-sphere in W^. 

Proof. We shall show that (I7.ip determines a graph over the unit sphere 5*^(1). Take 
(xi, yi, X2, 1/2) £ 'S'^(l); cind consider the ray r{xi,yi,X2,y2) for < r < 00. Along 
this ray, we have 

sin(2z/)r^ + (4 sinh(A — /u)xi?/i + 4 sinh(A + n)x2y2) — sin(2z/) = 0. 

The quadratic formula gives the solution 

2 _ -S ± + 4 sin^ 2z/ 
^ ~ 2sin(2z/) ' 

where B = A sinh(A — fi)xiyi + 4 sinh(A + /i)x2?/2- By assumption, the discriminant is 
always positive. Moreover, this equation always has exactly one positive root and the 
root can be chosen smoothly, given that u ^ 0. Therefore {JmA = 0} is a smooth 
graph over S^. □ 

Remark 7.2. For u = then {3mA = 0} is clearly a real cone, which has a singularity 
at the origin. 

Our next result extends Proposition 16. 8[ 

Theorem 7.3. If X < ^, and ^ 0, then D is a smooth unknotted torus in W^. 

Proof. The assumption X < n guarantees, from Theorem I6.12[ that D is a submani- 
fold. The Riemann-Hurwitz formula for the branched covering — S*^ is 

(7.2) xiS'xS') = 2xiS')-xiD). 

This yields x(-D) = 0. 

We first claim that no component of D can be homeomorphic to S"^. Assume by 
contradiction that D has a component Ds which is a sphere. By translating Dg in 
the normal direction to {JmA = 0} (which we know is a smoothly embedded 5*^), 
we may assume that Dg is contained in a parallel S^. By the Generalized Schoenflies 
Theorem [Bre93[ Theorem IV. 19. 11], Dg will bound a 3-disc M in the parallel S^. 
Since M is clearly disjoint from the other components of D, the lift of M U 
under the branched covering is a hypersurface in S"^ x S"^, which disconnects since 
H^IS"^ X S'^) = 0, as follows from the Generalized Jordan Curve Theorem |Bre93t 



ORTHOGONAL COMPLEX STRUCTURES 



37 



Theorem VI. 8. 8]. Therefore the branched covering is trivial away from D, so there 
cannot be any other branching components. This contradicts x{D) = 0. 

Since there are no S"^ components, and x{D) = 0, all the components must be 
tori. Finally, we claim that there can only be one component, and it is an unknotted 
torus. To see this, take any torus component T^. As above, push this torus off of 
{Dfm A = 0} in a normal direction to another parallel S^. Since C 5^, Alexander's 
Solid Torus Theorem says that must bound a solid torus x D"^ in S'^ |Rol90t 
page 107]. So we have bounding a solid torus, which is clealy disjoint from the 
other components of D (the other components lie in the original S*^, while the solid 
torus lies in a parallel S^). The covering argument above then shows there cannot be 
any other components of D. Finally, a torus which bounds a solid torus in must 
be unknotted, it is isotopic to a standard torus C C C 5*^ jHK79] . □ 

7.1. Special cases revisited. We are now in a position to refine the descriptions 
given in the previous section for cases in which one of z/ or A vanishes. 
First, we return to Case (i) in which A = /i and z/ = 0. 

Proposition 7.4. Given a quadric ^ defined by the matrix ^(a,a.o) with A 7^ 0, the 
discriminant locus is a torus pinched at two points. 

Proof. According to (15.231) . this case equivalent to the case A = —fi 7^ and u = 0. 
Using (I5.16P and (I5.18p . we see that this case corresponds to x = y = v = 0, and 
ti G M, with M 7^ ±1. This means that =2 is conformally equivalent to the zero set of 
the quadratic form 

q = 2iu- l)^oW2 + 2{u + l)^i2Wi. 

To find its discriminant locus, we look at 

= 2(n - 1)^0(^0^2 + 62^1) + 2{u + 1)62(^0^1 - 62^2). 

Expanding this, we find = + 2i?^o^i2 + where 

A = 2{u-l)z2, B = {u-l)zi + {u + l)zi, C = -2{u+l)z2. 

Therefore D is defined by 

= B''-AC=iu- Ifzl + {u+ Ifzl + {u^ - l)|^i|2 + 4(m^ - 1)\Z2\\ 

with M 7^ ±1 constant. Expanding into real and imaginary parts, 

Au^xl - Ayl + 4(m^ - l){xl + yj) = 0, Suxiyi = 0. 

If Xi = 0, then Ayf = 4{u'^ — l)(x2 + which is a cone for \u\ > 1, and empty for 
\u\ < 1. If ?/i = then Av?x\ = — 4(-u^ — l){x2 + ?/|), which is a cone for \u\ < 1, 
and empty for \u\ > 1. Performing an inversion as in (I2.14p . we see a similar cone 
singularity at infinity. When viewed as a subset of G S'^, D is then clearly a torus 
pinched at two points. □ 

Next, we settle the case A < /i and z/ = 0, in which the discriminant locus D is 
smooth yet {JxnA = 0} is not. 
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Proposition 7.5. In the case of a quadric ^ defined by (5(a,/x,o) ''JJ^h A < /i, the 
discriminant locus is a smooth unknotted torus. 

Proof. In this case, by Theorem 16.121 we know D is a submanifold. Take a path 
(A, /X, z/() with t G [0,1] and z/^ 7^ such that (A,yU, z/) (A,/i, 0) as t ^ 1. From 
Theorem 17.31 we know the corresponding Dt are unknotted tori. Also, since this 
is a smooth path of polynomials equations, their zero sets converge to D in the 
Hausdorff distance. Since Dt is connected, and D is a submanifold, D must therefore 
be connected. By the Euler characteristic formula (17.21) . D must be a torus. Finally, 
the unknottedness follows since D is the limit of smooth unknotted tori. □ 

7.2. The non-diagonalizable case. Recall from (15.371) above, the quadric is given 

by + + C = 0, with 

(7.3) A = i + kzi-Z2, B = mt{kz2) + i3m{zi), C = i - kzi - Z2. 
A computation shows that the discriminant is 

B"^ - AC = - l)xl -yj + Pxj + (fc2 - l)yl - 2kyi + 1 + 2i{x2 + fcxii/a)- 
We let f = yit A, g = 3xnA, and consider the matrix 
(7.4) 

V^xifl' dy^g d^.,g dy^g J \ ky2 1 kxi )' 

Proposition 7.6. If k & [0,1), then the discriminant locus is smooth on W^. As 
a subset of S^, there is exactly one singular point (the point at infinity), and the 
discriminant locus is a singular torus pinched at one point. 

Proof. The discriminant locus D = {f = 0} (1 {g = 0}. In the case k = 0, the 
equations for D simplify to 

(7.5) xl + yl + yl = l, X2 = 0, 

which is a smooth cylinder. Such a cylinder is exactly an unknotted torus pinched at 
one point when viewed as a subset of S^. Next, for k G (0, 1), we show that J has 
rank 2 at every finite point on D. To see this, take the subdeterminant corresponding 
to the first and last columns: 

2k'^xi -2y2 
ky2 kxi 

Since k G (0, 1), this implies that Xi = and y2 = 0. The equations for D simplify to 

= f = {e- l)xl + {e - l)yl - 2ky, + 1, = g = X2, 
which implies 

(7.7) = f = {e- l)yf - 2ky, + 1. 

Next take the subdeterminant corresponding to the second and third columns to get 

(7.8) ^ 



(7.6) 



2k^xl + 2kyl = 0. 
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Substituting this into (17. 7p . we obtain 

P /.2 1.2 

, _ > rv rv rv 

which has no solution. Therefore D is always smooth in M^. 

To identify the global topology of D, we argue as follows. We can identify our 
non-singular 2-quadric with CP^ x CP^ such that the fiber over infinity corresponds 
to a CP^ in one of the factors. Thus, 

(7.10) Q2 \ CP^ = CP^ X R2. 
The Riemann-Hurwitz formula for a branched covering is 

(7.11) 2 = x(Cpi X M2) = 2x(M') - x{D \ {p^}) = 2-x{D\ {p^}), 

which implies that x(-D \ {poo}) = 0. We claim that D \ {poo} is connected. This 
follows from our work in the diagonalizable case: we can approximate our quadric 
Q by a sequence of generic diagonalizable quadrics Qt, with the discriminant loci 
Di converging to D in the Hausdorff sense, with smooth convergence away from the 
singular point. We have proved above that Di are smooth unknotted tori, which in 
particular are connected. Thus, we may connect any 2 points in D\ {poo} by a path 
which is a limit of paths in the tori Di each of which avoids the singular point of 
convergence. Connectedness, together with x = 0? imply that D \ {poo} = 5*^ x M. 

To finish the argument, an analysis of the singularity is needed; we just briefly 
outline the details here. Consider the inverted quadric (15.381) . so that the singular 
point is at the origin. One then examines the intersection D fl S{r), where S{r) is 
a small sphere of radius r centered at the origin. An elementary computation shows 
that this limits to two disjoint S^s in S*^ as r ^ 0. This implies that the singularity 
is a double cone point, thus D globally has the topology of a torus pinched at one 
point. □ 

Combining Theorems 15.10^ 16.121 and 17.31 and Propositions 17. 4^ 17. 5^ and 17. 6^ we 
obtain Theorem 11.111 

7.3. Lifting the discriminant locus. In this subsection, we give a topological "ex- 
planation" of Cases (0) and (1) of Theorem II. Ill and prove Theorem 11.131 
In Case (0), the discriminant locus lifts to 

n-\S^) = S^ X CP^ = S^ X S^, 

since an oriented CP^-bundle over is trivial. This is a 3-real-dimensional submani- 
fold of J2, which must disconnect into two components |Bre93t Theorem VI. 8. 8]. Any 
non-degenerate quadric is diffeomorphic to S"^ x S"^. So we see that S"^ x S'^\S^ x S"^ 
is equal to two copies of S'^\ S^. We have the well-known isomorphism 

S^\S^ = R^\R = D^ X S^. 
So we have the identification S"^ x S"^ \ x CP^ with two copies of D"^ x S"^. 
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In Case (1), the discriminant locus is a torus, D = x S^. Since D = Di, the 
hft of D is n~\D) = S^ X S\ So we see that x S^\S^x is a double cover of 
S'^\S^ X . Now D is unknotted, which means that D bounds a solid torus 5^ x D^. 
The lift n~^{S^ x D"^) is a solid torus glued to itself along the boundary torus, which 
is easily seen to be 

iT-\S^ xD^US^x S') = S'x S\ 

So, by analogy with (i), we have the identification S*^ x 5*^ \ 5^ x S'^ is two copies of 
S^\S^ X D"^. This also shows that the diagonalizable quadrics induce two OCSes on 
minus a solid torus. This completes the proof of Theorem 11.131 
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